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Abstract
The Stokes semigroup S (t) is a solution operator associated with the linear Stokes equa-
tions in a domain Ω ⊂ Rn (n ≥ 2). It is well known that the Stokes semigroup S (t) is an
analytic semigroup on Lr-solenoidal space, r ∈ (1,∞), for various kinds of domains in-
cluding bounded domains with smooth boundaries [22], [8]. The analyticity of the Stokes
semigroup implies a regularizing eﬀect of the linear Stokes equations, which is a funda-
mental property for studying the nonlinear Navier-Stokes equations.
There is a large literature on Lr-theory of the Navier-Stokes equations. However, L∞-type
results are available only for the whole space [10] and a half space [23], [5]. We are aiming
to develop L∞-theory for domains with curved boundaries like a bounded or an exterior
domain. As usual, we appeal to analyticity of the Stokes semigroup.
For the Laplace operator or general elliptic operators, it is well known that the cor-
responding semigroup is analytic on L∞-type spaces. K. Masuda was the first to prove
analyticity of a semigroup associated with a general elliptic operator on a space of contin-
uous functions [15], [16], [17]. This result was extended by H. B. Stewart for the Dirichlet
problem [24] and more general boundary conditions [25]. See also a book [14, Chapter 3]
for the Masuda-Stewart technique. It is quite recently proved by a contradiction argument
that the Stokes semigroup is an analytic semigroup on L∞-type spaces for bounded do-
mains [2] and exterior domains [3]. Moreover, a proof by the Masuda-Stewart technique
was found in [4]. This thesis revises the works [1], [2], [3], [4].
It is the aim of the thesis to study the analyticity of the Stokes semigroup S (t) on several
L∞-type spaces. Let C0,σ(Ω) denote the L∞-closure of all smooth solenoidal vector fields
with compact support in Ω. Let L∞σ (Ω) denote the L∞-solenoidal space. We mainly focus
on bounded domains, exterior domains and a perturbed half space, and establish a priori
L∞-estimates for the Stokes equations. The a priori L∞-estimates for the Stokes equations
imply the analyticity of the Stokes semigroup onC0,σ(Ω). Moreover, we extend the Stokes
semigroup S (t) for an analytic semigroup on L∞σ (Ω), which includes non-decaying vector
fields as |x| → ∞.
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The thesis is consist of 5 chapters. We study a priori L∞-estimates both for the non-
stationary Stokes equations and the corresponding resolvent problem. From Chapter 1 to
Chapter 4, we consider the non-stationary Stokes equations,
∂tv − ∆v + ∇q = 0 in Ω × (0,T ),
div v = 0 in Ω × (0,T ),
v = 0 on ∂Ω × (0,T ),
v = v0 on Ω × {t = 0},
and establish the a priori L∞-estimate for
N(v, q)(x, t) =
∣∣∣v(x, t)∣∣∣ + t1/2∣∣∣∇v(x, t)∣∣∣ + t∣∣∣∇2v(x, t)∣∣∣ + t∣∣∣vt(x, t)∣∣∣ + t∣∣∣∇q(x, t)∣∣∣.
of the form
sup
0≤t≤T0
∥∥∥N(v, q)∥∥∥L∞(Ω)(t) ≤ C∥v0∥L∞(Ω). (0.1.1)
By (0.1.1), we extend the Stokes semigroup S (t) : v0 +−→ v(·, t) for an analytic semigroup
on C0,σ(Ω) and L∞σ (Ω).
We prove (0.1.1) by a blow-up argument. A blow-up argument was first introduced by
E. De Giorgi [6] to study regularity of a minimal surface. Later, B. Gidas and J. Spruck
[7] applied it to derive an a priori bound for solutions of a semilinear elliptic problem.
See [9] (also [19], [18]) for the semilinear parabolic problem. It is recently applied to the
Navier–Stokes equations [13], [20] (also [11]).
In Chapter 5, we prove a priori L∞-estimates for the corresponding resolvent problem by
the Masuda-Stewart technique for elliptic operators. We consider the resolvent problem,
λu − ∆u + ∇p = f in Ω,
div u = 0 in Ω,
u = 0 on ∂Ω,
for λ ∈ Σδ,θ and Σδ,θ = {λ ∈ C | |arg λ| < θ, |λ| > δ}, and establish a bound for
Mp(u, p)(x, λ) = |λ|
∣∣∣u(x)∣∣∣ + |λ|1/2∣∣∣∇u(x)∣∣∣ + |λ|n/2p∥∥∥∇2u∥∥∥Lp(Ωx,λ) + |λ|n/2p∥∥∥∇p∥∥∥Lp(Ωx,λ)
and p > n of the form
sup
λ∈Σθ,δ
∥∥∥Mp(u, p)∥∥∥L∞(Ω) ≤ C∥ f ∥L∞(Ω), (0.1.2)
where Ωx,λ = Ω ∩ Bx(|λ|−1/2), θ ∈ (π/2, π) and δ > 0.
The analyticity of the semigroup follows from either of (0.1.1) and (0.1.2), but these
estimates are not exactly the same. The estimate (0.1.1) includes the L∞-bound for second
derivatives (0.1.1) which does not follow from (0.1.2). On the other hand, the estimate
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(0.1.2) implies that the maximum angle of the analytic semigroup is π/2 while (0.1.1)
yields some angle ε > 0. Moreover, the Masuda-Stewart technique applies to diﬀerent
boundary conditions such as the Navier boundary condition.
In the sequel, we outline contents of each chapters.
0.1 Uniqueness in a half space
In Chapter 1, we prove a uniqueness theorem for the Stokes equations in a half space,
which is used later in Chapter 3 in order to prove the a priori estimate (0.1.1). The unique-
ness of the Stokes equations is well known for decaying velocity as |x| → ∞. However,
without such a decay condition, a few results are available. The L∞-type uniqueness result
was proved by V. A. Solonnikov [23] for merely bounded velocity and pressure satisfying
∇q→ 0 as xn → ∞. We give a short proof for his uniqueness result by using L1-estimates
of the Stokes semigroup.
0.2 Estimates for solutions of the Neumann problem
In Chapter 2, we prove an L∞-type pressure estimate in terms of velocity, which plays an
important role in proving the a priori estimates both (0.1.1) and (0.1.2). We establish an
estimate for pressure q of the form
sup
x∈Ω
dΩ(x)
∣∣∣∇q(x, ·)∣∣∣ ≤ CΩ∥∥∥W∥∥∥L∞(∂Ω), (0.1.3)
for W = −(∇v − ∇Tv)nΩ and the unit outward normal vector field nΩ on ∂Ω, where dΩ(x)
denotes the distance from x ∈ Ω to the boundary ∂Ω. When n = 3, W agrees with the
tangential component of vorticity, i.e., −curl v × nΩ.
We estimate the pressure through the Neumann problem, ∆q = 0 in Ω and ∂q/∂nΩ =
∆v · nΩ on ∂Ω. Since ∆v · nΩ = div∂Ω W by the divergence-free condition, the estimate
(0.1.3) follows from an a priori estimate for the Neumann problem
∆q = 0 in Ω,
∂q
∂nΩ
= div∂ΩW on ∂Ω, (0.1.4)
where div∂Ω denotes the surface divergence on ∂Ω.
The goal of Chapter 2 is to prove the a priori estimate (0.1.3) for bounded domains, ex-
terior domains and a perturbed half space withC3-boundaries by a blow-up argument. The
estimate (0.1.3) was also found in [12] in the theory of the homogenization, independently
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of [2], [3]. In the paper [12], the estimate (0.1.3) is proved for C1,γ-bounded domains by
means of the Green function. We assume C3-regularity, but a blow-up argument is appli-
cable to prove (0.1.3) for exterior domains and a perturbed half space.
0.3 Analyticity and estimates for second derivatives
In Chapter 3, we apply a blow-up argument to establish the a priori L∞-estimates (0.1.1)
and extend the Stokes semigroup S (t) for a C0-analytic semigroup on C0,σ(Ω). A blow-up
argument reduces the proof for (0.1.1) to ”compactness” of a blow-up sequence (vm, qm)
and ”uniqueness” of a blow-up limit. By a scaling argument, a limit problem is either the
whole space or a half space.
In Chapter 3, we establish local Ho¨lder estimates for the Stokes equations by using
the pressure estimate (0.1.3). The local Ho¨lder estimates are used to prove a necessary
compactness for a blow-up sequence. By a uniqueness theorem proved in Chapter 1, we
get a contraction and obtain the desired estimate (0.1.1).
0.4 Semigroup on BUCσ(Ω) and L∞σ (Ω)
In Chapter 4, we extend the Stokes semigroup S (t) for an analytic semigroup on non-
decaying spaces BUCσ(Ω) and L∞σ (Ω) by using (0.1.1), where BUCσ(Ω) denotes the space
of all bounded and uniformly continuous solenoidal vector fields in Ω vanishing on ∂Ω.
We establish an approximation lemma for L∞σ (Ω) for bounded domains, exterior domains
and a perturbed half space, and extend the Stokes semigroup S (t) for an analytic semigroup
on BUCσ(Ω) and L∞σ (Ω) together with the L∞-estimate (0.1.1).
0.5 Resolvent approach
In Chapter 5, we prove the resolvent estimate (0.1.2). We apply the Lp-estimate of the
inhomogeneous Stokes equations and establish (0.1.2) via a localization and an interpola-
tion. Moreover, by using the Lp resolvent estimate subject to the Navier boundary condi-
tion [21], we prove that the Stokes semigroup subject to the Navier boundary condition is
an analytic semigroup of angle π/2 on L∞σ (Ω).
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